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Abstract. Using multiple g-integrals and a determinant evaluation, we estab- 
lisli a multivariable extension of Bailey's nonterminating io(t>9 transformation. 
From this result, we deduce new multivariable terminating 1O09 transforma- 
tions, 807 summations and other identities. We also use similar methods to 
derive new multivariable iipi summations. Some of our results are extended 
to the case of elliptic hypergeometric series. 



1. Introduction 

Basic hypergeometric series have various applications in combinatorics, number 
theory, representation theory, statistics, and physics, see Andrews j^, For a 
general account of the importance of basic hypergeometric series in the theory of 
special functions see Andrews, Askey, and Roy 3^. 

There are different types of multivariable basic hypergeometric series extending 
the classical one-dimensional theory [TTj . Several recent multivariable extensions 
can be associated to root systems or, equivalently, to Lie algebras. The specific 
series we consider in this paper have the advantage that they can be conveniently 
studied from a purely analytical point of view. In this respect, we understand the 
root system terminology used in this paper (such as "A^-i series", or "C^ series") 
simply as a classification of certain multiple series according to specific factors 
(such as a Vandermonde determinant) appearing in the summand. We omit giving 
a precise definition here, but refer instead to papers of Bhatnagar W or Milne ^| 
Sec. 5]. We mention that, although these series first arose (in the limit g ^ 1) in 
the representation theory of compact Lie groups |14j , many questions remain about 
this connection. In particular, there is no known (quantum) group interpretation 
of the type of series that we will study. 

In this paper, we give a multivariable nonterminating lo^g transformation for 
the root system (or, equivalently, the symplectic group Sp{r)), see Corollarv l4.1l 
Our result extends a nonterminating summation recently found by one of 
us in |24| . To our knowledge, our new transformation formula is the first multi- 
variable generalization of Bailey's nonterminating lo^g transformation (see (|2.4|) 
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below) that has appeared in the hterature. We deduce this result from an equiv- 
alent multiple q-integral transformation, Theorem 13.11 In our proof of the latter 
we utilize a simple determinant method, essentially the same which was introduced 
by Gustafson and Krattenthaler ,12: and which was further exploited by one of us 
in |23| and |24| to derive a number of identities for multiple basic hypergeometric 
series. This method was also recently employed by Spiridonov [22, Th. 3] who used 
it to derive a Cr elliptic Nasrallah-Rahman integral. Here, as in we apply the 
determinant method to q-integrals to derive our main result. We also derive some 
new multivariable extensions of Ramanujan's iV'i summation. 

In the final section we briefly discuss elliptic extensions of some of our identities. 
Elliptic (or modular) hypergeometric series is a recently introduced extension of 
basic hypergeometric series, which was motivated by certain models in statistical 
mechanics ^j. Warnaar [5^] used the determinant method to give an elliptic 
analogue of a Cr Jackson summation from |23) . This identity was used by one of 
us |21| to prove a second elliptic C,- Jackson summation conjectured by Warnaar 
(the basic case of this identity was proved by van Diejen and Spiridonov (HI; cf. pH) 
for a third proof), as well as to prove an elliptic analogue of a third Cr Jackson 
summation due to Denis and Gustafson "f and Milne and Newcomb TH"; cf. 22|. 
(Spiridonov and van Diejen showed that the second and third summation also follow 
from certain conjectured multiple integral evaluations |H|, [HI-) Note that although 
all three Jackson summations are connected to the root system Cr , they are different 
in nature. We want to stress here that the flrst summation, which is related to the 
present work, is apparently the simplest but may be used to prove the other two. 
We hope that our new identities will also be useful to study different, apparently 
more complicated, types of multivariable series. 

Our paper is organized as follows: In Section [2 we review some basics in the 
theory of basic hypergeometric series. We also note a determinant lemma which we 
need as an ingredient in proving our results. In Sectional we derive a multiple q- 
integral transformation. Theorem 13. II which in Sectionals used to explicitly write 
out a nonterminating lo^g transformation for the root system Cr, see Corollarv l4.1l 
In Section 5 we specialize this identity to obtain new terminating Cr lo^g trans- 
formations. In Section 6 we derive new multivariable extensions of Ramanujan's 
iV'i summation. In Section 7 we give a number of special and limit cases of our 
multivariable lo^g transformations. Finally, in Section 8 we prove that our termi- 
nating Cr 1009 transformations and 807 summations extend to the case of elliptic 
hypergeometric series. 



2. Basic hypergeometric series and a determinant lemma 

Here we recall some standard notation for basic hypergeometric series (cf. m|). 
Let g be a complex number (called the "base") such that < [gj < 1. We define 
the q-shifted factorial for all integers k by 



(a;gf)oo := ]J(1 - ag^) and (a;^)^:^ 



{a;q)c 



Since we are working with the same base q throughout this article, we omit writing 
it out explicitly, i.e., we use 

{a)k:^{a;q)k, (2.1) 
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where k is an integer or infinity. Further, we employ the condensed notation 

(fli, . . . , am)k = (ai)fe ■ • • (am)fe, 
where k is an integer or infinity. We denote the basic hypergeometric s0s-i series 

by 



ai, 02, 



E 

k=o 



(ai,a2, 



, 0's)k 



and the bilateral basic hypergeometric sV's series by 



sips 



61,62, 



E 



(oi, 02, . . . , a^)/; 
(61,62, ■ • ■,bs)k ' 



(2.2) 



(2.3) 



respectively. See ^2 P- 25 and p. 125] for the criteria of when these series terminate, 
or, if not, when they converge. 

The classical theory of basic hypergeometric series contains numerous summation 
and transformation formulae involving s'f's-i or s^Ps series. Many of these require 
that the parameters satisfy the condition of being either balanced and/or very- 
well-poised. An S0S-1 basic hypergeometric series is called balanced if 61 • • • 6s_i = 
oi • • • asq and z ~ q. An s0s-i series is well-poised if aiq = 0261 — a^bs-i and 

very-well-poised if it is wcU-poiscd and if 02 = —03 = q^/oi. Note that the factor 

1 - aiq^'^ 
1 — Ol 

appears in a very-well-poised series. Similarly, a bilateral aips basic hypergeometric 
series is well-poised if ai6i ~ 0262 • • • = agbg and very-well-poised if, in addition, 
ai = -a2 = qhi = -962. 

The standard reference for basic hypergeometric series is Gasper and Rahman's 
text 22 . In our computations throughout this paper we frequently use some ele- 
mentary identities of g-shifted factorials, listed in Appendix I]. 

In the following we display some identities which we utilize in the subsequent 
sections. 

Bailey's |^ Eq. (7.2)] nonterminating very-wcU-poised io09 summation, 
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a, qa2,~qa2,b,c,d,e,f,g,h 
02 , — 02 , aq/b, aq/c, aq/d, aq/e, aq/ f, aq/g, aq/h 

{aq,b/a,c,d,e,f,g,h)co 



X 1009 



X 1009 



(b'^q/a, a/b, aq/c, aq/d, aq/e, aq/ f, aq/g, aq/h)oo 
^ {bq/ c, bq/d, bq/e, bq/f, bq/g, bq/h)^^ 
{be/ a, bd/a, be/a, bf /a, bg/a, bh/a)ao 

b^/a, qba~^ , —qba^^, b, bc/a, bd/a, be/a, bf /a, bg/a, bh/a 
ba~'s , —ba^'s ,bq/a,bq/c, bq/d, bq/e, bq/ f, bq/g, bq/h 
^ {aq, b/a, Xq/f, Xq/g, Xq/h, bf/X, bg/X, bh/X)^ 
{Xq, 6/ A, aq/f, aq/g, aq/h, bf / a, bg/ a, bh/a)oo 
X, qX^ , — (7A2 , b, Xc/a, Xd/a, Xe/a, /, g, h 
X2 ,—X^ , Xq/b,aq/c, aq/d, aq/e, Xq/f, Xq/g, Xq/h 

{aq, b/a, f, g, h, bq/f, bq/g, bq/h)oo 

{b'^q/X, A/6, aq/c, aq/ d, aq/ e, aq/ /, aq/g, aq/ h)ao 



q,q 



;q,q 
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X 1009 



{Xc/a, Xd/a, Xe/a, abq/Xc, abq/Xd, abq/Xe)oo 
(be/ a, bd/a, be/ a, bf /a, bg/a, bh/a)oo 
qbX^^ ,—qbX^i ,b, be/a, bd/a, be/a, bf/X, bg/X, bh/X 



(2.4) 



bX 2,— 6A 2 ,bq/ X, abq/eX,abq/dX,abq/eX,bq/ f,bq/ g,bq/h 

where A = a^q/ede and a^q^ = bedefgh (cf. ^3 Eq. (2.12.9)]), stands on the top of 
the classical hierarchy of transformation formulae for basic hypergeometric series. 
li h — g"", where n = 0, 1, 2, . . . , it reduces to Bailey's terminating very-well-poised 
1009 transformation (cf. [TT! Eq. (2.9.1)]): 

1009 1 ^ 9«^'-9a^'^'C,(i,e,/,g,g-" 

[a2 , —02 , aq/b, aq/e, aq/d, aq/e, aq/ f, aq/g, ag^+" ' 
^ {aq,aq/ef, Ag/e, Ag//)„ 
{aq/e,aq/f, Xq/ef, Ag)„ 

X 1009 ^ \ 1^^^-'1^^^^b/a.,Xe/a,Xd/a,e,f,g,q- .^^ 
[A^ , - A2 , aq/b, aq/ e, aq/d, Xq/e, Xq/f, Xq/g, Xq^^'' ' 

where A — a^q/bed and a'^q^^^ — bedefg. For ed — aq (hence bX = a) Bailey's 
transformation reduces to Jackson's |16| terminating very- well-poised balanced §07 
summation which, after substitution of variables [f i-^ e, g ^ d) can be written as 
(cf. dH Eq. (2.6.2)]) 



(2.5) 



02 . 



a, qa^ ,—qa2 ,b,e,d,e,q " 
-02 , aq/b, aq/e, aq/d, aq/e, aq^^" ' ' 



(aq, aq/be, aq/bd, aq/ed), 



[aq/b, aq/ e, aq/d, aq/bed)n ^ ^ 

where a'^q^^'^ = bcde. On the other hand, if ed = aq (i.e., eA = o) (|2.4|) reduces to 
Bailey's nonterminating two-term §07 summation. These identities contain many 
other important summation and transformation formulae for basic hypergeomet- 
ric series. For a sequence of derivations leading up to the nonterminating io09 
transformation, see the exposition in Gasper and Rahman ^2 Section 2]. 

For studying nonterminating basic hypergeometric series it is often convenient 
to utilize Jackson's g-integral notation, defined by 



fit) d,t 



fit) d,t 



fit) dgt. 



where 



/ /(i)rf,t-o(l-g)^/(og^>'=. 
•^0 fe=0 



(2.7) 



(2.8) 



If / is continuous on [0, a], then it is easily seen that 



lim 



fit) d,t 



fit) dt. 



see mi Eq. (1.11.6)]. 

Using the above g-integral notation, the nonterminating io09 transformation 
(|2.4|) can be expressed as 



(1 - t^/o) iqt/ a, qt/b, qt/ e, qt/d, qt/e, qt/f, qt/g, qt/h)^ 
it, bt/a, et/a, dt/a, et/a, ft/a, gt/a, ht/a)oo 



dqt 
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a {b/a,aq/b, Xc/a, Xd/a, Xe/a, bf /X, bg/X, bh /X)oo 
X (6/ A, Xq/b, c, d, e, bf/a, bg/a, bh/ a)oo 
(1 — / X){qt / X, qt/b, aqt/cX, aqt/dX, aqt/eX, qt/ f, qt/g, qt/h)^ 



dqt, (2.9) 



Ix {t, bt/X, ct/a^ dt/a, et/a, ft/ X, gt/ X, ht/X)oo 

where A = a^q/cde and a^g^ ^ hcdefgh (cf. [TTl Eq. (2.12.10)]). 

One of the most important summmation theorems for bilateral basic hypergeo- 
metric series is Ramanujan's iipi summation [131 Eq. (12.12.2)], which reads 

{q,az,q/az,b/a)ao 



a 



(2.10) 



{b,z,b/az,q/a)oQ 

where \b/a\ < |z| < 1 (cf. [Ill Eq. (5.2.1)]). This beautiful formula contains several 
important identities as special cases, see Gasper and Rahman |11| . 

We conclude this section with a determinant evaluation, which will be our main 
tool. It was given explicitly in ^23., Lemma A.l], as a special case of a determinant 
lemma by Krattenthaler |17[ Lemma 34]. 



Lemma 2.1. Let Xi, . . . ,Xr, A, B, and C be indeterminate. Then there holds 

l<^'^<r\{BX,,BC/X,)r-J, 



<det^ ( ItxiTxr )- n {X,-X.)il-C/X.X, 

<r.3<r\{BXi,BC/Xi)r-jJ i<f<^<^ 



^ f\ {BX,.BC /X,)r-i ^ ' 

The above determinant evaluation was generalized to the elliptic case (more pre- 
cisely, to an evaluation involving Jacobi theta functions) by Warnaar Cor. 5.4]. 
We make use of the elliptic version of Lemma 12.11 in Section |S1 

3. A MULTIPLE (J-INTEGRAL TRANSFORMATION 

By iteration, the extension of H2.8|l to multiple g-integrals is straightforward: 

f{ti, . . . ,tr) dqtr ■ ■ ■ dqti 

oc 

= a^...ar{l-qy f{aiq''\...,arq''-)q'- + -+'-. (3.1) 

fci,...,fcr=0 

Similarly, the extension of (|2.7() is 

rbi pbr 

/ ■ • ■ / f{tl, ■■ ■,tr) dqtr ■ ■ ■ dqti 
J a\ J ar 

SC{l,2.,...,r} \ieS / \i^S / 

oc 

X /(ci(^)g'\...,c.(5)g^09'^+-+'\ (3.2) 

fel,...,fer = 

where the outer sum runs over all 2^ subsets S' of {1, 2, . . . , r}, and where Ci{S) = ai 
if i G S and Ci{S) = 6^ if i ^ 5, for i = 1, . . . , r. 
We give our main result, a Cr extension of (|2.9|) : 
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Theorem 3.1. Let a^q'^ ^ = bcidiCiXif gh and A = a^q/ CidiCiXi for i — \, 
Then there holds 



[ ■■[ n iU~t,){l^t,t,/a)f[{l^t^/a) 



{qtilaxi^qtijh) 

-, ^ . ^ . ^ . T [tiXi , htl 1 0/\ ryQ 

l<i<J<r i—l 

yr iltj/cj, qtj/dj, qtj/ej, gtj/f, qtjg, qtj/h)^ ^ ^ ^ 
fJ-^{citJa,diti/a,eitJa,fti/a,gti/a,hti/a)oo ' 

/a\ i^^V) -i^ {b/axi, axiq/b, XciXi/a, XdiXi/a, AejXj/a)oo 
\XJ jj^ {b/Xxi,Xxiq/b,CiXi,diXi,eiXi)oo 

{bfq'-^/X,bgq^~^/X,bhq'-^/X)^ 



n 



[bfq'-^/a, bgq'-^a, 6V"Va)oo 

{qti/Xxi,qti/b)c 



■ f n {U~t,){l~t4,/X)l[{l-t^/X)^- 

= 1 '''^^^ l<i<j<r i=l 

^ -TT {aqti/ciX, aqti/d^X, aqt^/ejX, qtj/f, qtj/g, qt^/h)ry^ ^ ^ ^ 
fJl {citi/a,dtti/a,eit^/a,ft^/X,gti/X,hti/X)c- ? i' 



Proof. We have 

n/, , VI / \ TT {q^'^'Ulg-aq^^'' lgti)r-i 

(/t,/a,/A,) 



X f-Og-G) det f 
i<*j<'- V 



(g2 ^ti/g^aq^ ''/gti)r^ 



'3 ■ 

due to the Xi ^ ti^ f j a, B ^ 'f'^^ 1 9i and C i-^ a case of Lemma ETI Hence, 
using some elementary identities from 11, Appendix I], we may write the left-hand 
side of H3.3|l as 



i=l 

(1 - tf/a){tiq/axi,tiq/b)c 



X det 



i<i,J<ryJax, {tiXi,bt,/a)oo 

{t^q/ci, t^qj dj^tiqj e^, Uq^^''^^ / f, tiq^^^ jg, t^q/h) 
{att/a, diti/a, eiti/a, ft^q^-^ / a, gtiq^-'^ / a, hti/a) 



dqti 



Now, to the integral inside the determinant we apply the g-integral transformation 
(|2.9|) . with the substitution t i— > tiXi, and the replacements a i— > axf, b bxi, 
c I— > CiXi, d I— !■ diXi, e i—> eiXi, f i-^ fq'^^^Xi, g i— s- gq^~^Xi, and h t-^ hxi. Thus we 
obtain 



1=1 



X det 



a {b/axi, aXiq/b, XciXi/a, XdiXi/a, XeiXija) 



i<i,j<r \ X (b/Xxi,Xxiq/b,CiXi,diXi,eiXi)c 
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^{bfq--^/X,bgq^-^/X,bh/X)o. f'' {I - tf / a){t,ql Xx^.Uq/h), 



{bfq^ ^/a,bgqj ^/a,bh/a)oc Jxxi {tiX,, bU / X)oo 

{aUq/ CjX, aUq/ djX, aUq/gX, tiq^~'^+^ /f, Uq^~^ /g, tjq/h)^ 

X z ; ; ; ; ~ : — r~ : — z — 7~ — ' r~"T Ct^ t 



{citi/a,dtU/a,eiU/a,fUq^ i/X,gUq^ ^/X,hti/X)c 



Now, by using linearity of the determinant with respect to rows and columns, we 
take some factors out of the determinant and obtain 



■' ' i=l 

[b/axi, axiq/b, XciXi/a, XdiXi/a, XciXi/a, bfq^~^/X, bgq''~^ /X, bh/X)c 



n 



1=1 {b/Xx^,Xx^q/b,CiXi,diXi,eiXi,bfq'' ^/a.bgq"- ^/a,bh/a) 



f .../' n(i-<.VA)<2|i 



X 



{qti/Xxi,qti/b)c 



n 



{aqti/aX, aqti/d^X, aqU/ciX, qU/f, qU/g, qt.Jh)oo 



^■^ {citi/a,dtti/a,eiU/a,fU/X,gti/X,hti/X)ooitiq'^+'^ j//,A(j2 r/gti),.-i 

X , det^ ( . .-!!i\^l'-:ri. \ ^^^r . . . d,t,. (3.4) 



The determinant can be evaluated by means of Lemma l2.1l with Xi i-* ti, A i—^ //A, 
B 1-^ q^^^ / g, and C ^ X\ specifically 



det 



(A/A, f/t,)r-, 



^<^,3<r \ {q^-njg, Xq^^'-/gti)r-j J 

Now note that bhjX = aq^^''' j ] g and bhja = Xq^^^' / fg whence we have 
^ ibh/X)oo{Xq'--/fg),-l ^ ^ {bhq^-^/X)^ 



^^{bh/a)oa{aq^ ''/fg)i-i ~J{ i^^^Q^ ^/a)oo' 

Substituting these calculations into (|3.4|) we arrive at the right-hand side of H3.3|l . 

□ 

Remark 3.2. Note that in H3.3|l . the multiple g-integrals converge absolutely since, 
when writing the left- and right-hand sides as determinants of single g-integrals as 
in the above proof, we have absolute convergence in each entry of the respective 
determinants. 

We can iterate the transformation in Theorem 13.11 to obtain a different trans- 
formation formula. We need to permute some variables first, else we would get 
back the original identity. In order to proceed, we specialize the variables first and 
let Ci = c, di = d and e; — e/xi, for i = 1, . . . ,r. For convenience, we further 
interchange the variables e and g. In this first step, this gives the transformation 
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/'.../ n (..-»,)(i-M,wn(i->;w ";;{r;;yf°' 

Jaxi "''i^'- l<i<j<r i=l \bid.i,ULil ajaa 

^ -TT (gti/c, qU/d, qti/e, qU/ f, qtjXi/g, qU/h)oo ^ ^ ^ 
jj-^ {cU/a,dti/a,eti/a, fti/a,gti/aXi,hti/a)oo ' " ' 

a\ {''V) 1^ {b/axi, axiq/b, Xcxi/a, Xdxi/a, \g/a)oo 



XJ n (blXxi,Xxiq/b,cXi,dxi,g)r_ 



n 



(6eg^- VA, bfq'-yx, bhq'-^/X) 



fj^ {beq'-^/a, bfq'-^/a., bhq'~^/a)oo 
^ iqti/Xxi,qti/b)c 



X TT ("'^^i/^^''^1^^/'^-^^^1^i^i/9\'ltJe,qti/ f,qti/h)oa ^ ^ ^ 
jj^ {cti/a,dti/a,gti/axi,eti/X, fti/X,hti/X)oo ' 

where a^q'^~^ — bcdefgh and A — a^q/cdg. Now, we iterate (I3.5II . in the second 
step with a i— > a^q/cdg, c i—^ d i—> f, e aq/dg, f i— > aq/ eg, and i— > aq/cd. The 
result is the following. 

Corollary 3.3. Let a'^g'^^'" ~ bcdefgh. Then there holds 

{qU/aXi,qti/b)oc 



[ ... f n iU-t,)il-Ut,/a)l[il~t^/a)- 

Jaxi Jax,. i<j<,-<r i=l 



l<i<3<r i=l {tiX,Mi/a)co 

^ -TT {qU/c, qU/d, qtj/e, qtj/ f, qtjXj/g, qU/h)^^ ^ ^ ^ 
^J^{cU/a,dti/a,eti/a,fti/a,gti/aXi,hti/a)oc, ' 

_ -TT {b/axj, axjq/b, axiq/cg, axjq/dg, axjq/eg, axiq/ fg, bhq^^^/a)oo 
fJl {cXi , dxi , exi ,fxi,g, gq^~'' / hxi ^hq^ Xi/g) oo 

yr {gq^'\aq^-'/ch, aq^-^dh, aq^-^eh, aq^-^fh)^ ^ f agq^\ ^'^'^ 
^^{bcq''-'^/a,bdq*-'^/a,beq'^-^/a,bfq'^-^/a,bhq'-^/a)oc \ bh 

X r ... r n {u~t,){\-gq'-H^t,/bh) 

Jbhq^-^xi/g Jbhq^-'^x,^/g ]^<j^j-<r 

(gq^^''ti/bhx.i,qti/b, cgU/a, dgti/a)oo 



X 



Hil-gq'-^tj/bh)- 



.^^ ' {tiXi,gq^ ''ti/h,atiq^ ""/bch^aUq^ /bdh)^ 



n {egU/a,fgti/a,aq^ ''tiXi/bh,qt^/h)oo 
(at,g2~./6e/i,at,g2-./6//,,5t,/aa:„5gi-i,/6)oo ^^^'^ ' ' ' '^^^i' ^^'^^ 

4. MULTIVARIABLE NONTERMINATING io09 TRANSFORMATIONS 

We write out (|3.2|l explicitly for the integral on the left-hand side of H3.3() : 

/ n «.-%)(i-M,/-)n(i->?/.) '^;;'^-;,^;f°° 
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^ -TT {qti/cj, qU/dj, qtj/ei, qU/ f, qU/g, qU/h)^ ^ ^ ^ 
fJ-^{ciU/a,diU/a,eiU/a,fti/a,gU/a,hti/a)oQ " 

^ ^ (-l)l^lal^l6'-|^l(l-g)'a('^')6n")n^» 

5C{l,2,...,r} ieS 



oo 

X 



fel,...,/cr=0 l<i<j<r ieS 
l<i<j<r i^S 

{q^+^\axiq^+^'' /h,axiq^+^^ /ci,aXiq^+^^ /di,axiq^+^' /ei)oo 

X 



n 



[axjq'''' ,bxiq^i .c^Xiq^i ,diXiq^%eiXiq^i)c 



n {ax,q^+'''/f, ax,q^+'''/g, ax,q^+^^ /h)^^ yr {bq^+^^ / ax,,q^+^^)c 



{fxiq^i,gXiq'^',hx^q^i)oo {bxiq^- ,h'^q^- / a)oo 

-pr bgi+^'M, bgi+^Ve,, bg^+^Vg, 6gi+fcVfe)oo ^^2Lifc. 

i^S {bciq'''/a,bdiq'''/a,beiq'''/a,bfq''-/a,bgq''i/a,bhq'''/a)oo 

where \S\ denotes the number of elements of S, and x is the truth function (which 
evaluates to one if the argument is true and to zero otherwise) . A similar expression 
is obtained for the right-hand side of (|3.3|l . Now, if we divide both sides by 

(-!)'■&( 2 ... - g)'' Y[ {xi - Xj){l - aXiXj) 

l<i<j<r 

{q, axiq/b, axiq/ci, axiq/di, aXiq/d, axiq/f, aXiq/g, aXiq/h)oo 



X 



n 



^ ^ (^'^i ^' bXi , CiXi , diXi , CjX^ , f Xi , gXi , hxi^oQ 

and simplify, we obtain the following result which reduces to (12. 4() when r = 1. 
Corollary 4.1 (A Cr nontcrminating io(/)9 transformation). Let 

a^q^^'' = bcidiC^Xifgh 
and A — a^q/ CidiCiXi for z = 1, . . . , r. Then there holds 

\ ^ f b\ ^ -p-r {aXj^q, CiXi, diXi, eiXi)oo 

S<z{i2 r} f^g{axi/b,axiq/ci,axiq/di,axiq/ei)oc 

^ TT {fxi,gxi, hxj, b/axi,bq/ci, bq/di, bq/ej, bq/ f, bq/g, bq/h)oo 

{aXiq/f, axiq/g, axiq/h, b'^q/a, bci/a, bd^/a, be^/a, bf/a, bg/a, bh/a)oo 

^ y> TT jxiq''' - Xjq''^){l - ax,Xjq^^+''^) TT (1 " axW^') 
^ ixi- xAll- axix-j) (l-ax'j) 
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^ J--'- (xi- x,)(l- ax,x,) (1-b^/a) 

l<i<j<r V « I 3J -^g \ I J 

(xig*-'* - bq'^i /a){l - bxiq'''^''^) 



n 



(xi — Xj)(l — aXiXj) 
f-^g (q, ax^q/b, ax.^q/ci, ax^q/di, ax.^q/ci, ax^q/ f, axtq/g, aXiq/h)^^ 



(9, &g/ax,, bq/c^, bq/d„ bq/a, bq/f, bq/g, bq/h)k^ 

-rj iaxfq, b/axj, Xxjq/ f, Xxjq/g, Xxjq/h, bfq'^^/X, bgq'^^^/X, bhq'^'^/X)c 
r=i ('^^i b/Xxi,aXiq/f, axiq/g, ax^q/h, bfq'-'^/a, bgq'-^/a, bhq^-^/a)o 

^ yr (1 ~ Xx^xj) 

l<j<j<r ^ SC{l,2,...,r} ^ ' 



n 



{Xx^q, XciXi/a, XdiXi/a, XciXi/a, fxi,gxi, hxi)c 



[Xxi/b, axiq/ci, axiq/d^, axiq/e^, Xxiq/ f, Xx^q/g, Xxiq/h)r_ 
(b/ Xxi, abq/ciX, abq/diX,abq/eiX,bq/ f,bq/g,bq/h)c 



n 



(b'^q/ \ bcja, bdi/a, be^j a, bf/ A, bg/ A, bh/ X)oo 

-r-r {x^q''^ - Xjq''=){l - Ax^Xj-g^'+'^Q -j-r (1 - Xxjq^''^) 
^ ix^~-x,)(l~XxiXi) -t-l- (1-Ax2) 

-LJ- (.Ti-x,)(l-AxiX,) i-l- (1-feVA) 

{xiq^' - - bxiq^'^^^) 



X 



n 



{Xxf,bxi, XcjXi/a, XdjXi/a, XejXi/a, fxi,gxi, hxi)k, 
((?, Xxiq/b, axtq/ci, axiq/di, axiq/ei, Xxiq/ f, Xxiq/g, Xxiq/h)ki 

- TT {b^/\bxi,bcJa,bdi/a,bei/a,bf/X,bg/X,bh/X)k, ^ELi*:- (41) 
j-^^ {q, bq/Xxi,abq/ciX, abq/diX, abq/aX, bq/f, bq/g, bq/h)ki 

For the absolute convergence of the multiple series in (|4.1|l . see Remark 13.21 
Similarly, we write out the transformation of sums resulting from Corollarv l3.3l 

For r = 1, the following Corollary reduces to Bailey's transformation formula in jlj 

Eq. (8.1)] (cf. HH Ex. 2.30]). 

Corollary 4.2 (A Cr nonterminating 10^9 transformation). Let a'^q'^^^ — bcdefgh. 
Then there holds 

X! f~V n {axjq,cxi,dxi,exi, fxi)oo 



SC{12 r} f^^{axi/b,axiq/c,axtq/d,axtq/e,axiq/ f)c 



n 
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{g, hxi, b/axi, bq/c, bq/d, bq/e, bq/f, bxiq/g, bq/h)oo 



.^^ {ax'^q/ g, axiq/ h, b'^q/ a, be/ a, bd/ a, be/ a, bf/a, bg/ axi, bh/ a)oo 
.„.^.=oi<f<W {Xi-x,){l-ax,x^ 11 {I -ax}) 

yr (gfc. - gfc. )(l - b'^g'^^+k, /g) -pr (1 - 6^g'^-/a) 

(Xig*^' — bq^^ /a){l - bxiq^^^^^) 



X 



n 



jg5 1"^5 (2^1 ax^Xj) 

{axl.bxi, cXi, dxi.ex^, fxi.g, hxi)k^ 



.^^ {q, ax^q/b, axiq/c, axiq/ d, axiq/e, axiq/f, axfq/g, axiq/h)k. 

-p-r {b'^ /a,bxi,bc/a,bd/a,be/a,bf /a,bg/axi,bh/a)ki j^^-ife 
11 {q,bq/ax„bq/c,bq/d,bq/e,bq/f,bx^q/g,bq/h)ki ^ 



n 

r 

n 



X 



(ax}q,b/ axi,bxiq^ / g^behq^ ^Xi/a^bdhq^ ^Xi/a,behq^ ^Xi/a)oc 
{bhx1q^/g, gq^-^'/hxi, aXiq/e, axiq/d, axiq/e, axiq/ f)^ 

(bfhq^~^Xi/a, gq^~\ aq'^~^/ch, aq^~^ /dh, aq^^^ /eh, aq^^' / fh)oo 
{axiq/h, bcq''~^/a, bdq^~^/a, beq^~^ /a, bfq^~^/a, bhq^~^ /a)oo 

^ yr (1 - bhq^-^XjXj/g) ^ (9J^\ ' ' 
11 [l-axiX^ ^ \ h J 

l<i<j<r ^ * ■'^ SC{l,2,...,r} ^ ^ 

^ TT {bhx}q'~/g, axjq/eg, axiq/dg)oo 
j-^^ {hxiq^-'^/g, behq^-'^Xi/a, bdhq^-'^Xi/a)oo 

^ yr {axiq/eg,axiq/ Jg.bhAf^'^ /a, hx^^gq^^'' /hxj)^ 
11 {behq'^-'^Xi/a, bfhq'-^Xi/a, axfq/g, bxiq^'/g, bgq^-^'/h)^ 

T-j- {beg /a, bdg/ a, beg/ a, bfg/ a, axjq^-'' /h, bq/ h)oo 

i^S («9^~''/c'j,«9^"''/c^/i>ag2-'-/eft,, ag^-*-///!, 55/aa;i,ggfi-'')oo 

^ yr i^iQ^' - X3l^'){'^ - bhxiXjq'-'^+^-+^i /g) 

^ {xi — Xi){\ — bhxiX^q^~^ /q) 

ki,...,kr=0 1<i<j<r V » JA ^ 3^ I HI 

hies 

yr (gfe. - - bggl-'-+fci+fcj /h) TT (1 - bgq^-'-+'^^' / K) 

i<\l<r {xi-x^){l-bhxiXiqr-^/g) 11 [l-bgq^-r/h) 

{x,q^^ - gq^~'+''^/h){l - bxiq^^+''^) -rT (1 - bhxjq'-^+'^^^ / g) 



n \J^iq ■ - yq - 1 lij^L - uxjq ■ yr 



iesjts {xi-Xj){l-bhxiXjq^-'-/g) ^1 (l - bhxfq'-'^/g) 

TT {bhx1q''~'^/g, bxj, aXjq/cg, axjq/dg, aXjq/eg, axjq/ fg)ki 

(g, hxiq^/b, behq^~^Xi/a, bdhq'^~^Xi/a, behq^~^Xi/a, bfhq^~^Xi/a)k^ 
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n 



n 



^^giax^(l/9,bx^q'-/g)k, {q,t 



^2-r 



n {aq^ ''/ch,aq^ ''/dh.aq^ '^/eh,aq^ / fh.bg / ax,, gq^ '')fc, T.Ui^- 



{beg/ a, bdg/ a, foeg/a, bfg/a, axiq^ ''//i, bq/h)k^ 



(4.2) 



5. Terminating lo'/'g transformations 

We will now specialize Corollary 14.11 to obtain terminating multivariable lo^g 
transformations. We accomplish this by multiplying both sides of the identity with 
Yll=iibdi/a)oo and then letting bdi/a = q~"\ Then only the terms correspond- 
ing to = are non-zero. After a change of variables this gives the following 
transformation: 

Corollary 5.1 (A Cr terminating lo^g transformation). Let a?q^~'^'^'^^ = bcdcifigi, 
for i — 1, . . . ,r, and X = a^q^~^ /bed. Then there holds 



0<ki<ni l<i<j<r 



-TT (1 - ag^'=')(a,6, e,d,etji, g„q-''')k, ^.^ 

r=i (1 ^ a){q, aq/b, aq/e, aq/d, aq/e,, aq/ fi, aq/ gi, aq^+''-)k, 

AX'-^-'Vt {b,c,d)i Yj {aq,M/ei,Xq/ fi,aq/eifi)n. 



(h\/n r\/n ^X/r,V 11' 



aj fj^ {bX/a,eX/a,dX/a)i ^J^{Xq,aq/ei,aq/ fi,Xq/eifi)n, 

0<ki<7ii l<i<j<r 
i—l,...,r 

^ yr (1 - A(7^*=')(A, A6/a,Ac/a, Ad/a,e»,/j,g»,g~"')fc, 

- X){q,aq/b,aq/e,aq/d,Xq/e^,Xq/f^,Xq/g^,Xq^+'^^-)k, 

Note that in (|5.1(l only terms with all ki distinct are non-zero. Corollary 15.11 
reduces to Bailey's 1^ transformation formula for r ~ 1 (cf. |lli Eq. (2.9.1)]). 

Similarly to the derivation of Corollary 14.21 from Corollary 14.11 we can obtain 
another transformation from (|5.1I) by iteration. For this, we first specialize the 
variables letting fi = f, gi = g, for i — I, . . . ,r, and write = eg"' for convenience. 
We then iterate the relation with a t-^ a^q^^^ /bed, b i-^ aq^^'' /ed, e^ g, d ^ f, 
f I— » aq^~^ /be, and g i-^ aq^~^ /bd. We obtain the following result which reduces to 
[TTl Ex. 2.19] (with e replaced by eg") for r = 1. 

Corollary 5.2 (A Cr terminating lo^g transformation). Let bedefg = a^q'^^^. 
Then there holds 



E n (g'='-g'=0(l-a'?''+'0 



0<ki<ni l<i<j<r 
i—l,...,r 



{1- aq^^'){a,b,c,d,eq"^\f,g,q "Ofc. -ELi^. 



n {1^ a){q,aq/b,aq/c,aq/d,aq^ /e,aq/ f,aq/g,aq^+'^-)ki * 
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n 



b^cdfg J f \ {aq^-^- /bc,aq'^-'-/bd,aq'^~'- /bf,aq^'^/bg,a^q^-^'^ /bcdfg), 

n jaq, aq^'''^/ce, aq^-"^^/de, aq^~"-^/eJ, aq^-^^jeg, bq'-^)„^ „ . 



i=l 



X 



{aq/c,aq/d,aq^ /e,aq/ f,aq/ g,bq'' ^ '^'/e)ni 

0<ki<ni l<i<j<r 

yr jl- eq^--+'^^/b){eq'-^/b, eq^-^/a, aq'-^'/bf, aq^-^ /bg)k^ 
\}[ (1 - eq'^^''/b){q, aq/b, ef/a, eg/a)k^ 

rr ie<l''',aq'^~''/bc,aq'^-'-/bd,q-'^')k, ^^.^^^^ 

/^ec/a,ed/a,eg2~-+"./5)fe, ' • l^- i 

Again, only terms with all ki distinct are non-zero. 

Finally, we give another multivariable extension of Ex. 2.19]. We first let 
g = q^^ in Corollary 14 . 21 and then do the simultaneous replacements 5 i-^- e, e i— > g, 
and h i—r b. 

Corollary 5.3 (A Cr terminating io</)g transformation). Let a^q'^^^^^ = bcdefg. 
Then there holds 

TT (x^g^' - Xjq''^){l - ax,Xjq^^+''^) A (1 ~ axlq^^^) 
^ {x^-x,)(\-ax,x,) (l-aa;2) ^ 



n 



{axi,bxt, cxi,dxi,exi, fxi,gxi,q 



^ {q, axtq/b, axiq/c, axiq/d, axiq/e, aXiq/e, aXiq/ /, axiq/g, axjq^+^)k. 



Li (qN+r+i-i^ aq^-'/be, aq^-" jbc, aq^-" jbd, aq^-'/bf, aq^-" lbg\-^ 
{q^~''a/ce,q^~''a/de,q^~''a/ef, q^-'-a/ eg)N+i-i 



n 



X 



n 



{axiql c, axiq/d, axiq/ e, aXiq/ /, axiq/g)^ 



N+r-l 
ki,...,kr=0 l<i<j<r 

(1 - egi---^/6)(g, g2-r-JV/52.^^ ax,g2-r/5^ eg/fe)fc. 

n {aq^-''/bc, aq^-''/bd, aq^-^'/bf, aq^-''/bg)k, 

Note that the sum on the right lives on a larger hypercube, though this is to 
some extent "compensated" by the fact that, on the right but not on the left, only 
terms with all fc, distinct are non-zero. 



n 
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6. Ar-l itpl SUMMATIONS 

Previously, one of us 23^ Theorems 2.1 and 3.3] utilized determinant evaluations 
to derive (among other summations) several Ar-i extensions of Ramanujan's iipi 
summation. Here we provide more multivariable extensions of Ramanujan's iV'i 
summation by the same method. The difference is that, like for most sums in 
Sectional the terms of our bilateral series are now zero unless all summation indices 
ki are different. 

We note that we were not able to give new Cr extensions of Bailey's g^e summa- 
tion (cf. jllL Eq. (11.33)]) by the same method. All such obtained gV'e summations 
would be in fact just special cases of an identity given earlier by one of us, namely 
the identity obtained from equating Eq. (3.4) with Eq. (3.5) from |23j . 

The following result reduces to Ramanujan's iipi summation (cf. ^2 Eq. (5.2.1)]) 
for r = 1. 

Proposition 6.1 (An A^-i iV'i summation). We have 

ki,...,kr = -ool<i<j<r 1=1 ^ 

=<7« det ( br , \ n ^"^,1 ' . (e-i) 

i<ij<r \ [aiZiqlbi)r-j ) (bi,z^,b^/aiZ^,qla.i)^ 
provided \biq^~'^ / ai\ < \zi\ < 1, for i — 1, . . . ,r. 
Proof. We have 

n -,i5<i..((''^)'")- 

l<i<j<r 

due to the classical Vandermonde determinant evaluation. Hence we may write the 
left-hand side of (|5.1|l as 

Now, to the sum inside the determinant we apply Ramanujan's iipi summation 
(j^lUjl . with a l—^ Qi, b '—^ bi, and z i— > ZiO^ K Thus we obtain 

/ (g, ajZ^q''^^ , q'^+^^'^/ajZi, 6,/aj)oo \ 

i<s,t<r\ {bt,Ztq'^~^,btq^~^/aiZi,q/ai)oo J 

Now, by using linearity of the determinant with respect to rows, we take some 
factors out of the determinant and readily obtain the right-hand side of l|6.1(l . □ 

We now consider different specializations of the parameters a^, bi, and Zi, for 
i — l,...,r, for which the determinant in Proposition 16.11 can be reduced to a 
product by means of Lemma l2. II 

A simple choice would he bi — b and Zi = z, for i = 1, . . . ,r. In this case we 
recover the special case of Eq. (2.2) of 23, Th. 2.1] where in the latter identity both 
sides are multiplied by ni<j<j<r(l ^ ^i/^j) ^^'^ then the specializations Xi — 1, 
for i = 1, . . . , r, are being made. Another simple choice would be Ui = a and bi = b, 
for i ~ 1, . . . ,r. In this case we similarly recover a special case of Eq. (2.3) of [23 
Th. 2.1]. 
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We also recover a previous result if in Proposition 16. II we choose the specializa- 
tions fli — ajxi^ hi — b, and Zi ~ zxi, for i — 1, . . . , r. This yields a special case 
of Eq. (2.10) of |23) . Similarly, if we choose = a, hi = bxi, and Zi = z, for 
i — 1, . . . , r, the determinant can be evaluated by (|6.3|l and we obtain a special case 
of Eq. (2.13) of 23 . 

Nevertheless, we are able to give two different multivariable iipi sums resulting 
from special cases of Proposition 16 . II which are not covered by previous results. 

First, we choose Ui — axi, hi = hxi, and Zj = z, for z = 1, . . . , r. In this case we 
obtain the following result. 

Corollary 6.2 (An Ar-i iipi summation). We have 

oo ^ ( \ 

ki,...,kr — — ool<i<j<r i—1 ^ 

= (az)"G)q-(3) TT (l/x l/a;)"n" {(l^'^zxi,qlazxi,h/a)^ ^^^^ 

provided \hq^^^ /a\ < \z\ < 1. 

Next, we choose at = a/xi, hi = hxi, and Zi = zxi, for i = 1, . . . ,r. We now 
require a particular limit case of the determinant evaluation in Lemma |2. II which 
can be generally stated as 

The result is the following. 

Corollary 6.3 (An A^-i iV'i summation). We have 

ki,...,kr — — ool<i<j<r i—l ^ 

{q,az,q/az,bx'j/a)oo 



[] {x,-x,)Y{{bq^--'-+yaz%^^- 



{hxi, zxi,bxiq^ / az^x^q/ a)oo' 

(6.4) 

provided \bxfq^^'^/a\ < \zxi\ < 1 for i = 1, . . . , r. 



7. Specializations 

We will now point out some interesting special cases and consequences of our 
new Cr 1009 transformations. 

7.1. A Watson transformation. In Corollary 15.11 we first remove the depen- 
dency of the parameters by replacing gi by a^q^^^^^^^ /bcdcifi. If we now let c? — > oo 
and relabel fi ^ di, for « = 1, . . . , r, we obtain the following multivariable general- 
ization of Watson's transformation (cf. [TTl Eq. (2.5.1)] ): 

Corollary 7.1 (A multivariable Watson transformation). We have 
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<i<j<' 
r 



i—l ,r 



^J^ {1 - a){q,aq/b,aq/c,aq/di,aq/ei,aq'^+"-i)k, \ bcdiCi 



" A ^^'^ „-2(;) TT '^)' TT {aq,aq/dtei)ni 

11 C««2-r/7,„^. 11 ■ 



r-l 



6c 



^ (ag2 ''/6c)i {aq/di,aq/ei)ni 



11 I'/ <1 ' i-i- {q,aq/b,aq/c,dieiq-"^/a)k. ^ ' 



2— l,...,r 



In the special case when be = aq, the right-hand side can be written as a multiple 
of a determinant; cf. the proof of Corollary 17. 31 This gives the C'r terminating g^s 
summation stated as Corollary 17. lUI below. Similarly, the case b = q^^^ gives the 
Ar_i terminating summation in Corollary 17.151 below. As a matter of fact, 
we can eyen extract a Cr Jackson summation from our Watson transformation in 
Corollary 17.11 We specialize the parameters so that the series on the left-hand 
side becomes balanced, i.e., we set a^g^"'""''"* = bcdiCi, for i — l,...,r. Note 
that in this case the multiyariable 44>3 on the right-hand side of (|7.1|) reduces to 
a multiyariable 3^2 which can be transformed into a multiple of a determinant by 
Corollary 17. 151 (Here we can assume that Corollary 17. 151 is already known - after 
all, we just pointed out that it follows from Corollary 17. II ') Howeyer, the result we 
would obtain by this procedure is only a special case of Corollary 17. 31 below. 

We also remark that on the right-hand side, the "type C" Vandermonde deter- 
minant 

r 

n (<z'='-g'-0(l-«9''+'0 11(1 (7.2) 

l<i<j<r i=l 

got reduced to the classical "type A" Vandermonde determinant. Moreover, the 
very- well-poised condition of the parameters got lost, while the series remains bal- 
anced. The left-hand side retains the factor H7.2|l and is yery-well-poised but not 
balanced. Dealing here with r-dimensional series, we simply mean by these terms 
that the respective series are very- well-poised and/or balanced when r = 1. 



7.2. An A, — 1 Sears transformation. To obtain a multiyariable extension of 
Sears' transformation (cf. [Ill Eq. (3.2.1)]) from Corollary 15.11 replace b by aq/b 
and Ci by aq/ti, for z = 1, . . . , r, and then take the limit a ^ 0. After relabeling of 
parameters, b d, d t-^ b, fi f-^ Qi, for i = 1, . . . , r, we obtain 

Corollary 7.2 (An Ar-i Sears transformation). We have 
11 l*/ <i ' i-i- ^q,d,e^,a^beq'-^'/de^)k■^ 

0<k,<ni l<i<j<r 1=1 ' » y / 
i— l,...,r 

_ / dq^^'' \ V-J (&, c)» 1^ {dejq^'' /be,ejai)ni 

~ \ be J TT (dgi-'Vfe,dgi-Vc), TT (e,,de,g-Va,6c)„. 
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0<ki<ni l<t<j<r 2—1 
i— l,....r 

When d = b, the right-hand side can be expressed as a determinant. This gives 
a special case of Corollary 17. 1 51 below. 

7.3. Cr Jackson summations. We start with the following identity, which re- 
duces to Jackson's summation formula (|2.6|l when r — 1. 

Corollary 7.3 (A Cr Jackson summation). Let bcidiCi = a^(7^~''+"' for i = 
1, . . . , r. Then 



0<ki<ni l<i<j<r 
i—1 ,r 



{1 - aq'^'''){a,b,Ci,di,ei,q "^fe; 



n (1 _ a){q,aq/b,aq/ci,aq/di,aq/ei,aq'^+'^')k. 



- (-h\-{l)q-'^{l) TT ("g^ /b)r-i{b)i^i {aq,aq/c,d„aq/ciei,aq/diei)ni 
fj-^ (ag2+'--2i/5),._^ {aq/ci,aq/di,aq/ei,aq/cidiei)n^ 

X det f (c.,d.„e.,g^"').-,- \ 

i<i,3<r\{aq^-^ /bci^aq^-'' /bd^.aq^-^ /bei,aq'^-^+^- /b)r^j ) ' ^ ' ' 

Proof. To obtain the left-hand side, we let cd ~ aq in Corollarv l5.1l and make the 
change of variables (ej, fi, gi) i— > (q, di,ei). On the right-hand side we observe that, 
since Xb/a = q^~^ , only terms with ki < r — 1 are non-zero. Since we may also 
assume that the ki are distinct, (fci, . . . fc^) must be a permutation of (0, . . . , r — 1). 
This allows us to pull out some factors from the sum, for instance 

n (g''-9'0= n ('Z'^-9'>gn(fc), 

l<i<j<r 0<i<j<r-l 

where sgn denotes the sign of the permutation. After some cancellation, we obtain 
the expression 

\q\ (1 - Ag^')(b, A)^ ^T- {aq, Xq/ci, Xq/d^, aq/cidi)n, 

a ) [l - X){q,aq/b)i ^J-^ {Xq,aq/ci,aq/di,Xq/cidi)ni 

(7.5) 

for the right-hand side. Up to a factor (-l)G), obtained from inverting the or- 
der of the columns, the sum in k equals the determinant in 1)7. 4|l . After some 
manipulations of g-shifted factorials, including the easily verified identities 
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and (recall that A — aq^ '76) 



n <i - v«) n {^tI^ - (-^^-v');- n j-^, 

0<i<j<r-l i=l ^ ^' 1=1 ^ ^ I 

we arrive at 17.4|1 . □ 

Next we consider two cases of Corollary 17 . 31 when the determinant on the right- 
hand side is computed by Lemma [2. II For the first case we put Ci — di — d and 
write Ci — eg"'. 

Corollary 7.4 (A Cr Jackson summation). If bcde = a^q^~^, then 



E n (9''-g'^)(l-ag'='+'^) 

il-aq^^^)ia,b,c,d,eq"^,q-"^)k. 



0<ki<ni l<i<j<r 
i—l,...,r 



n (1 _ a)(g, aq/b, aq/c, aq/d, aq^-^'/e, agi+"')fc, 



= n-il) (1] TT d)i 

Va/ fj^ (aq"^-"- /be, aq^-'- /bd,aq^-'- /cd)i 

i<T<l<r i=i i'^<l/b,aq/c,aq/d,aq^--/bcd)^, ^ ^ 

Next we give the case of CoroUarv 17. 31 when Ci — c and ~ N for all i, and we 
write di — dxi, Ci — e/xi. We have used some manipulations to write the result so 
that the symmetry between b and c is exhibited. An alternative way to obtain this 
identity, which gives it in the form we want immediately, is to put bh/a = q^^ and 
diCi — aq in Corollarv l4.1l 

Corollary 7.5 (A Cr Jackson summation). If bcde — 0^(7^^''+^, then 



(1 - aq'^'''){a,b,c,dxt,e/xi,q~'^)ki k 



0<ki<N l<i<j<r 
i=l,...,r 



(1 - a){q, aq/b,aq/c,aq/dxi,aqxi/e,aq'^+^)ki 



q 



(xi - Xj){l - dxiXj/e)Y\_ 



' l<i<j<r 1=1 ^ ^ ' 

^ -Q {aq,aq'^~'^ /bc)N{aq'^~'^ /bdxi,aq'^~'' /cdxi)N+i-r 
i=i xf ''^^'' {aq'^-yb, aq^-"- /c)N+i-i{aq/dxi,aq^-'' /bcdxi)N 

The above Cr Jackson summations all contain the factor (|7.2|) in the summand. 
We now turn our attention to Cr Jackson summations of a different type, namely, 
of the type encountered in [231 Th. 4.2]. These also follow naturally from our Cr 
nonterminating lo^g transformation in Corollarv l4.1l For this case we put gh — aq, 
and Ci = q~'^^/xi, for z = l,...,r, in 1)4.1(1 . On the right-hand side, because of 
6//A — q^^^, only the term with 5 = is non-zero. This term, similar as in the 
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proof of CoroUarv l?.^^! is a determinant. The result is the foUowing (where we have 
replaced / by e). 

Corollary 7.6 (A Cr Jackson summation). If bcidie — 0^(7^^''+"% then 

-pj- jx^q''' - - ax^Xjq^'+''^) yi (1 ~ axfq^''-) 

^ J--'- {x^- x.,){\- aXiXi) (\-ax^:) 

0<ki<nil<i<j<r V * J J J ^=l ^ 

i—l,...,r 

^ T~r {o-xf ,bxi, CiXi, diXi, eXi, q ^^)ki ki 

^J^ {q, axiq/b, axiq/ci, axiq/d^, aXiq/e, ax'fq'^+"-^)k. 



n 



(Xi Xj)i\ dXiXj ) 

{aqxf,aq'^^'' /bc^,aq'^^''' /bd^)n,iaq/cidi)ni+i-r{bxi)r-i 



^J^ (aqxilci,aqxi/di,aq'^ /bcidiXi)ni{aqXi/b)n,+i-r{eq^+'' 

Analogously to Corollary 17.31 we have two special cases where the determinant 
evaluates as a product of linear factors, giving rise to two different explicit Jackson 
summations. The first one is Cj = c, di = d, = A^, i = 1, . . . , r, which gives the 
Tejasi sum in [23, Th. 4.2]. The case Xi = x, di = d, Ci = eg"', i = 1, . . . ,r, gives 
back Corollarv l7.4l 

7.4. Cr nonterminating Qcj)^ summations. We work out the various new Cf 
extensions of Rogers' nonterminating g05 summation (cf. [Ill Eq. (2.7.1)]) following 
from our results in Section [731 

First, we give the special case of Corollarv 17.31 arising from formally replacing b 
by a?q^~^^^^ / CidiCi (note that this is independent of i), and then letting Ui 00, 
for i — 1, . . . , r. After subsequently relabeling 1-^ 6^, for i = 1, . . . , r, we have the 
following result. 

Corollary 7.7 (A Cr nonterminating Qcj)^ summation). We have 

ki,...,kr=0 l<i<j<r 

{1 - aq^''^){a,b„c^,d,)k^ ( a^q^^'' 



{I - a){q,aq/b,,aq/ct,aq/di)k, \ bidd^ 

{aq, aq/hiCi, aq/bidi,aq/ Cidi)c 



g-(S) det (^hl2h^i}pL\f\ 

i<'i.j<r \ {biCidr/a)r-'j J fj^ 



{aq/bi, aq/ci, aq/d,, aq/biCidi)r 



(7.9) 



provided \aq^ ^ /biCidi\ < 1, for i — 1, . 



The following two results give cases where the determinant on the right-hand 
side of H7.9|l can be factored by virtue of Lemma [2. II 

For the first case, we specialize Corollarv 17.71 bv putting bi = b and Ci — c, for 
i = 1, . . . ,r. 
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Corollary 7.8 (A Cr nonterminating Q(f)^ summation). We have 

oo 

ki,...,kr=0 l<i<j<r 



X 



i=l 



a){q,aq/b,aq/c,aq/di)ki \ bed, 



= TT (rf. d)Y\ ^' aq/bc, aq/bd„ aq/cd,)oo 

i<i<i<r ^ ' i=i (^cdi/a)r-i {aq/b,aq/c,aq/di,aq/bcdi)oo' 

provided \aq'^^^ /bcdi\ < 1, for i — 1, . . . ,r. 

The other case results from choosing bi = b, Ci = cXi, and di = d/xi, for 
I = 1, . . . , r, in Corollarv l7.7l 

Corollary 7.9 (A Cr nonterminating g'/'s summation). We have 

oo 

fci,...,A,v=0 l<i<j<r 

^ -TT (1 - aq^'''){a,b,cxi,d/xi)k, f cfq^ ^ 
jj^ {1 - a){q,aq/b,aq/cxi,axiq/d)k, \ bed 

— 0(2) Y[ {xj — Xi){l — d/cXiXj) 

l<2<j<r 

)( TT {aq,aq/bcx.i,aXiq/bd,aq/cd)oo (7 12.) 

(&cd/a)i_i (aq/b,aq/cXi,aXiq/d,aq/bcd)oo' 

provided \aq'^^^ /bcd\ < 1, /or i = 1, . . . . r. 

7.5. terminating e<p5 summations. We now Ust the terminating versions 
of the above multivariable e^s summations. These reduce to ^2 Eq. (2.4.2)] for 
r = 1. 

We start with the di = g^"* , i — 1, . . . ,r, case of Corollarv l7.7l 
Corollary 7.10 (A Cr terminating g05 summation). We have 



il~aq^''^){a,b,,c,,q-"^)k^ /aV-"+"'' ' 



0<ki<ni l<i<j<r 



f-J^il ~ a){q,aq/bi,aq/ci,aq^+"i)k, V ^iCi 

i<i,j<r \ {hciq "'/a)r_j/ ^^^-^ {aq/bi,aq/Ci)ni 

We give four different special cases of Corollarv l7.1()l in each case for which the 
determinant factors by virtue of Lemma |2. II 

For the first case we put bi — b and q = c, for i — 1, . . . ,r. 

Corollary 7.11 (A Cr terminating 6 05 summation). We have 
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0<ki<ni l<i<j<r 
i—l,...,r 

^ -TT (l-ag^^')K6,c,g-"-),, /aV2^y* 

Li " '^'^Z^' ""^Z^' V y 

For the second case we put hi —h and di — q^^ , for i = 1, . . . ,r. 
Corollary 7.12 (A Cr terminating 605 summation). We have 



0<ki<N l<i<j<r 

A (1 - aq''^){a, b, g"^),, / \ 
^^■^ (1 - a)(9,ag/&, ag/ci,agi+^)fe. V J 

n, _ xTT {b,q~^,bq-^/a)i-i {aq,aqlhci)N . . 
ic, coil A./„)^_^ (ag/&,ag/c,)^- ^ 

l<i<j<r 2—1 

Note that Corollaries l7.11l and l7.12l are equivalent since they can be derived from 
each other by applying a standard polynomial argument; cf. (THl Th. 4.2]. The same 
situation appears with Corollaries 17. 131 and 17. 141 below. 

We now specialize Corollarv 17. 1 01 bv putting hi — hxi, Ci — c/xi, and di = q^^ , 
for i ~ 1, . . . , r. 

Corollary 7.13 (A Cr terminating g^s summation). We have 



0<A;i<iV l<i<j<r 
i—l,...,r 



nn 



(1 - aq^'^'){a, bx,, c/x,, q-^)k, f a^q^^+r' \ 



he 



l<2<j <r 



^ (1 - a){q, aq/hxi, axiq/c, aq^+^)k, 

(bcq-^ /a)i^i {aq/hxi,aXiq/c)N 



fe© TT (x-x)(l-c/hx-x-)T]^^^^ (ag,ag/6c)^ 



The last case, which extends the c 1— > eg" version of 11, Eq. (2.4.2)] comes from 
putting bi ~ b, Ci ~ cq"'' , and di ~ g^"* , for i = 1, . . . , r, in Corollarv 17. lUI 

Corollary 7.14 (A Cr terminating g05 summation). We have 



E n {q'^-q'^il-aq'^^+'^n 



0<ki<ni l<i<j<r 
i—l,...,r 



a)iq,aq/b,aq^-^'/c,aq^+^^)k^ V be 
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i<f<-^<, ^li(6c/a),_i(ag/6,agi-"Vc)„, 

7.6. A, — 1 terminating s(f>2 summations. In the following, we derive some mul- 
tivariable extensions of the terminating balanced 3^2 (or q-Pfaff-Saalschiitz) sum- 
mation (cf. Eq. (1.7.2)]). 

In the Cr Jackson summation in Corollary 17. 31 we first remove the dependency 
of the parameters by replacing by a^g^^'"^"'/5ciC?i, for i = 1, . . . ,r. Then we 
replace b by aq^~^ /b and let a 0. We perform the substitutions q 1-^ a^, di i— > bi, 
for i = 1, . . . , r, and b t—^ c and obtain the following result. 

Corollary 7.15 (An Ar-i terminating 3(^)2 summation). We have 



0<ki<7ii l<i<j<r 
i—l,...,r 



,(3n 



(c)r-l {c/ai,c/bi)n, 

LA (cg2'--2*)._^ (c, c/ai5i)„. 



X det ( (aAq-"'Y' \ 1"^'^';,'^ "'^7-'" ^ 
i<«j<»- V {c/a,,c/bt,cq'^')r-j J 



(7.17) 



Next, we give three special cases where the determinant appearing on the right- 
hand side of H7.17|l factors. 

For the first case we put = a, bi = 6, for i — 1, . . . ,r. We would now require a 
limit case of the determinant evaluation in Lemma l2.1l the one which we explicitly 
stated in H().3|l . Equivalently, we start with Corollarv l7.4l replace e by a^q^^^ /bed, 
and then d by aq"^^^ /d. We take a — + and simultaneously substitute the variables 
c a and d c. The result is the following. 

Corollary 7.16 (An Ar-i terminating 3^2 summation). We have 

T IT (<?'-- g'ofr ia^b,q-^^)k, . 

11 l« V ' i-i- (q,cq--\abq^-^^/c)k. 

0<ki<ni l<i<j<r t=l V'^' ^ ' ' 

2—1 ,r 



i<i<j<'- ^^-^ (c/a,c/6),_i (eg'- i,c/a6)„.. 



For the second case we specialize Corollary 17.151 by putting = a, rii = TV, 
for i — 1, . . . , r. We again would require (|6.3() . Equivalently, we start with Corol- 
larv 17.51 replace e by a^q^^"^^^ /bed, and then 6 by aq^^"^ /b. We take a ^ 0, and 
then simultaneously substitute the variables c i— > a, a;^ bi/ d, for i = 1, . . . , r, and 
b\-* c. This yields the following result. 

Corollary 7.17 (An Ar-i terminating 3^2 summation). We have 

Y TT (g"' - fr (°^^'^g"'^)fc. fc. 

i—l.....r 
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(V)(^) TT (1/6. - 1/6,) n , ^fr'^^'f\' (c/a c/5 )^ _ 
Va / ' " t\ ic/b^)r-lic/a,cq^)^-l ic,c/ab,)N ^ ' 



We could have also applied a standard polynomial argument to Corollary 17. 161 
in order to derive Corollarv l7.17l 

For the next case, we set Ui = a, bi = bq^^ for i — 1, . . . ,r, in Corollarv l7.15l 
Equivalently, we start with CoroUarv 17.41 replace d by a^q^'"^ /bee, and then b by 
aq^^^ /b. We take a — > 0, and then simultaneously substitute the variables b i—> c, 
c I— > a and e b^ and arrive at the following result which reduces to the b i— > fog" 
case of PH Eq. (1.7.2)]. 

Corollary 7.18 (An Ar-i terminating 3(^)2 summation). We have 



0<k^<nil<i<j<r 2-1^^' ^ ' 

2— 1,.. .,r 

^q-i^)a-('^ Yl (q-"' -g-"^)(l-5g"'+"0 

TT («)»-! (c/a,cg''-i-"'/b)„^ 

n (c/a,6g2-7c),_i (cg--i,cg-"Vafe)„/ ^'^ 

For the third case, we choose = axi, bi = b/xi, and Ui — q~^ for i = 1, . . . , r. 
Equivalently, we start with Corollarv l7.5l replace c by a^q^'^^^ /bde, and then b by 
aq^^^ /b. We take a — > 0, and then simultaneously substitute the variables d 1-^ a, 
e t-^ b and & i— s- c, and arrive at the following result. 



Corollary 7.19 (An Ar-i terminating 3(^)2 summation). We have 



i— 1, . . .,r 

l<'i<j<r 

X "TT (c)r-i(c/o6, g~^)t-i {c/aXi,cxi/b)N (721) 
(cg^)i_i(c/aa;i,ca;i/6)r-i {c,c/ab)N 

Note that Corollaries 17 . 1 81 and 17 . 1 91 are equivalent since they can be derived from 
each other by applying a standard polynomial argument. 

7.7. A, — 1 nonterminating and i</>q summations. We briefly give some 
Ar-i g-Gau6 summations and Ar^i g-binomial theorems which follow from our 
results. We omit writing out the terminating versions but we have made an effort 
in presenting all the nonterminating ones explicitly. 

We start with our Ar^i q-Gaufi summations. If, in Corollarv l7.15l we let — > c», 
for alH = 1, . . . , r, we obtain 

Corollary 7.20 (An Ar-i g-Gaufi summation). We have 
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ku■■■,k.=0 1<^<j<r ,=1^1'^^ )k, \a^0^ 



11 (^gg2r 2ty^_^ (c, c/aj6j)oo i<ij<»- V ' {c/ai,c/bi)r-j J ' 

(7.22) 

where \c/aibi\ < 1, for i = 1, . . . , r. 

To evaluate the determinant in factored form we choose different speciaHzations 
of the parameters. 

We can choose = axi and bi = b/xi, for i — l,...,r, and then substitute 
c I— > cq^^^, which gives the foUowing. 

Corollary 7.21 (An Ar-i g-Gaufi summation). We have 

{axi,b/xi)ki f cgi"''^ 



E n (.'-.'on 

fci,...,^V=0 l<i<j<r i=l 



a6 



^'^^^ -(;) Tl / \^^ hi .-fr {c/axi,cx,/b)oo „„^ 

where \cq^~^\ < 1. 

Here is the case = a, for i = 1, . . . , r, of Corollarv l7.20l with c i~+ cq^~^. 
Corollary 7.22 (An Ar-i g-Gaufi summation). We have 



ki,...,k^=0 1<i<j<r i=l '^'^^ 



abi 



;5)«Vn3^n^(iA-i/Mn(«).-.|S^. 

where Icq^""^ / abi\ < 1, /or i = 1, . . . , r. 

Next, we give some A^-i g-binomial theorems. If in CoroUarv l7.20l we replace bi 
by c/aiZi^ for i = 1, . . . , r, and then let c ^ 0, we obtain the following summation. 

Corollary 7.23 (An Ar-i g-binomial theorem). We have 

oo ^ I \ 

E n - 

ki,...,kr.=01<i<j<r 1=1 ' 

where \zi\ < 1, for i — I, . . . ,r. 

Note that if we let 6^ = g for i = 1, . . . , r in Proposition 16. II we alternatively get 
the identity 

^ t „ JJ.'•-'orI|^=^^.-X(Sfc)^^^ 

(7.26) 
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In fact, comparing the two right-hand sides of H7.25|l and H7.2f)ll . we observe that 
the following transformation of determinants must hold: 



fj£%^U(_i)a),(3) det i^rp^ 

i<h3<r \(aiZi)r-j J l<i,3<r \ (aiZi)r-j 



det ; =. (-l)U;gl3j det 2^ / . (7.27) 



This determinant transformation can also be easily proved in a more natural way. 
(This has been kindly communicated to us by Christian Krattenthaler.) Note 
that by reversing the order of columns of the matrix on the left hand side of 
(|7.27|l (by which the determinant gets multiplied with (— we have the ma- 
trix [{zi)j-i/{aiZi)j-i) -^^^ ^ If this matrix is now being multiplied with the 

lower-triangular matrix (^q^^~-^^'^^^'^\q^^'')k-j/{q)k-j)^^ji^^^ (which has determi- 
nant , we obtain, after application of the g-Chu-Vandermonde summation 
[n Eq. (II.6)] the matrix ((-l)'=-izf-iq-fi) (a,)fc-i/(a.z,)fc-i) i<,^fc<,. Changing 
back the order of columns and taking determinants we immediately establish l|7.27|l . 

We complete our listing of summations by giving three special cases of Corol- 
lary for which the determinant factors by virtue of Lemma |2. II 

The first case is = a, for i — 1, . . . , r. 



Corollary 7.24 (An Ar-i (/-binomial theorem). We have 

ki,...,kr=0 1<i<j<r 2=1 ^^"^^ 

(az^g'^-i) 



n fe-^OnW.- ^T, (7.28) 

l<i<j<r 1=1 ^ ' 



where \zi\ < 1, for i = 1, . . . , r. 

The second case is a; = a/xi, and Zi = zxi for z = 1, . . . , r. 
Corollary 7.25 (An A^-i (/-binomial theorem). We have 

oo ^' ( I \ 

ki,...,k^=0 1<i<j<7- i=l ^^"^^ 



l<i<j<r 1=1 ^ 



where \zxi\ < 1, for i ~ 1, . . . ,r. 

The third case is = z for i = 1, . . . , r. 
Corollary 7.26 (An Ar-i (/-binomial theorem). We have 

oo ^ / \ 

E n i'^'-'^'^m^^^'^ 

fci,...,^V=01<i<i<r 1=1 



'fi'-^O n (•■.-'■.)n^Sny^. <"») 

l<i<J<r 1=1 ^ ^ '°° 



where \z\ < 1. 
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8. Elliptic extensions 

In this section we extend some of our results to the case of eUiptic hypergeo- 
metric series. Note that these satisfy fewer identities than basic hypergeometric 
series. Roughly speaking, the reason is that elliptic hypergeometric identities gen- 
eralize Riemann's addition formula for thcta functions, which is more complicated 
than the addition formulas for trigonometric functions. Moreover, infinite elliptic 
hypergeometric series lead to serious problems of convergence; in particular, no 
elliptic analogue of (|2.4|l is known. This means that we can only extend the results 
of Sections 151 and 1731 to the elliptic case. We refer to |2S| for a detailed discussion 
of the balanced and well-poised conditions for elliptic hypergeometric series, and 
their relation to modular invariance of the series. 

Our elliptic extensions involve a fixed parameter p such that \p\ < 1. We write 
9{x) ;= {x,p/x;p)oo and define elliptic shifted factorials by 

fe-i 

{a;q,p)k:^l[e{aq'). (8.1) 

When p = 0, 9{x) = 1 — x and we recover the g-shifted factorials used before. Since 
p and q are fixed we omit them from the notation, writing 

{a)k := {a;q,p)k. 

To use the same shorthand notation as in (|2.1|l might seem confusing, but has 
the advantage that we can almost use our previous results as they stand, just 
interpreting the symbol {a)k differently. The only other change we have to make 
is that all factors of the form x — y should be replaced by x9{y/x) = —y9{x/y). 
Thus, the ubiquitous factor 

r 

l<i<j<r i—1 

is replaced by 

r 

Yl U9{t^/ti)9{aUt^)Y[9{at^^). 

l<i<j<r i—1 

All other factors, such as q'^' and and (A/a)(2) in Corollarv l5.ll are left untouched. 

Theorem 8.1. The following results have elliptic analogues, given as explained 
above: Corollary 15.11 Corollary 15.21 Corollary 15.31 Corollary 17.31 Corollary 17.41 
Corollarv l7.5l and CoroUarv 17.61 

When r = 1, Theorem 18.11 reduces to the elliptic Jackson summation and the 
elliptic Bailey transformation of Frenkel and Turaev jJU] . 

Proof. First note that to prove Corollarv l5.1l we did not use the general case of (|2.4ll . 
We only used the identity obtained after multiplying by {bd/a)oo and then letting 
bd/a = q~^ ■ This is the terminating Bailey transformation (|2.5|l . whose elliptic 
analogue is known to hold jJOI- We also needed the determinant evaluation of 
Lemma l^m whose elliptic analogue was obtained by Warnaar . Apart from these 
fundamental results, we only used elementary identities for q-shifted factorials that 
also hold in the elliptic case (indeed, they would hold if 9{x) in (|8.1|) was replaced 
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by any function satisfying 9{l/x) = —6{x)/x). Thus, the proof of CoroUarv 15.11 
extends immediately to the elliptic case. 

The derivations of Corollary 15. 21 Corollary 17.31 Corollary 17.41 and Corollary 17. 51 
from Corollary 15.11 inyolye only elementary identities and Lemma 12.11 and thus 
extend to the elliptic case. 

In the proof of Corollary 15 . 31 we made essential use of infinite series, so we need 
an alternatiye approach. We sketch a way to deriye the elliptic case of Corollary l5.3l 
from the elliptic case of Corollary l5.2l We use an elliptic version of the "polynomial 
argument" ; this idea also occurs in and [^HI ■ We start with the elliptic Corollary 
15.21 multiply it by 111=1 ('^9^~"Vs)ni ^^id then let e aq^^ with N a non-negatiye 
integer. On the left-hand side we then have the factor 

{aq^ "'/e)„. (^+ki+N~ni\ 
which vanishes for rii — ki > N + I. On the right-hand side, we have 

/„\ _ /'„l-i — N\ 



(eg^-7a)fc, = (q' 



Jfe. 



which vanishes for ki > N + r. Thus, after replacing ki by rii — ki on the left-hand 
side, we obtain a transformation of the form 

E (•••)= E (•••). 

0<fei<min(ni,7V) 0<fei <min(ni , JV+r-1) 

i—l,...,r i—l^...,r 

A straightforward computation reveals that this is equivalent to the case exi — q""* 
of the elliptic analogue of Corollary 15. 31 

Now let f{xi, . . . ,Xn) denote the left-hand minus the right-hand side of the 
elliptic analogue of (|5.3|l . We have proved that / vanishes if Xi = g~"''/e for all i. 

A computation, using 9{px) = —x^^6{x) and {pa)k ~ {—l)''q^^'^^a^''{a)k, shows 
that 

f {^Xi , . . . , pXi , . . . , Xji ) f : ■ • ■ : •^n) ■ 

Thus, / vanishes also when xi = p^q^""^ /e with k an integer. For generic values 
of the parameters, these zeroes have a limit point in which / is analytic, so / 
is identically zero by analytic continuation. Finally, analytic continuation in the 
remaining parameters extends the identity to non-generic situations. 

It remains to treat Corollarv l7.6l In this case, we only used (|2.4|l in the case when 
e = q~^ and 6//A = for non-negative integers Z, m. This is a transformation 
between two finite sums. If in addition h = it reduces to a special case 

of 1)2. 5|l . In the elliptic case, one may then use the same argument as above to 
prove the corresponding identity. That is, one first proves that the (known) case 
h = g"" implies the case h — p^q^"" for /c e Z, and then extends it to general h 
by analytic continuation. Once the needed transformation formula is known, the 
proof of Corollary 17. 61 extends immediately to the elliptic case. □ 
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